Abstract. This paper proposes a systematic study of cosmological signatures of modifications of gravity via the presence of a scalar field with a multiplicative coupling to the electromagnetic Lagrangian. We show that, in this framework, variations of the fine structure constant, violations of the distance duality relation, evolution of the cosmic microwave background (CMB) temperature and CMB distortions are intimately and unequivocally linked. This enables one to put very stringent constraints on possible violations of the distance duality relation, on the evolution of the CMB temperature and on admissible CMB distortions using current constraints on the fine structure constant. Alternatively, this offers interesting possibilities to test a wide range of theories of gravity by analysing several datasets concurrently. We discuss results obtained using current data as well as some forecasts for future data sets such as those coming from EUCLID or the SKA.
Introduction
The Einstein Equivalence Principle (EEP) is one of the building block of General Relativity (GR). This principle allows one to identify the effects of gravitation with space-time geometry. More precisely, it implies the existence of a space-time metric g µν to which matter is minimally coupled [1] . Mathematically, this implies that the action related to matter can be written as
where L mat is the matter Lagrangian and Ψ represents the matter fields. The EEP is verified with very high accuracy within the Solar System (see [2, 3] and references therein). Amongst all the tests of the EEP, the search for spatial and temporal variations of the fundamental constants is a way to test the Local Position Invariance. Today, we have excellent constraints on the variations of the fine structure constant α , on variations of the weak interaction constant α W [4, 31] and on the variation of the constants of strong interaction [11, 26-28, 32, 33] (for a review of all these tests, see [34] ).
In GR, the gravitational interaction is mediated through one metric tensor only. Nevertheless, a lot of GR extensions consider the presence of additional fields (for a wide review of GR extensions, see [35] ). In particular, following the work of Jordan, Brans and Dicke [36] [37] [38] , scalar-tensor theories of gravity have been widely studied in the literature. Originally, this type of theories have been studied with a minimal coupling between the matter fields and the scalar field. This means that there exists a metric such that the matter action can be written as (1.1), while the scalar field modifies the dynamics of the metric 1 [39] [40] [41] [42] [43] [44] .
One general way to break the EEP is to introduce a non-minimal multiplicative coupling between the scalar field and matter fields, like
where the h i (φ) are functions of the scalar field 2 and L i are the Lagrangians of the different matter fields. The dynamics of the scalar field and of the metric tensor are not important here and are encoded in the other part of the action named S grav (g µν , φ). Such a non-minimal coupling is motivated by several alternative theories such as the low energy action of string theories [45] [46] [47] [48] , in the context of axions [49] [50] [51] , of generalized chameleons [52] [53] [54] [55] 3 , by Kaluza-Klein theories with additional compactified dimensions [57, 58] , in the Bekentein-Sandvik-Barrow-Magueijo theory of varying α [59] [60] [61] [62] or in extended f (R, L m ) gravity [63] . This type of coupling also appears in the context of the pressuron theory [64] characterized by h i ∝ √ φ 4 . It is straightforward to show that this kind of coupling implies a variation of the fundamental constants. For example, since the fine-structure constant is related to the scalar field by α ∝ h −1 EM (φ), its temporal variation is given by [34, 45, 46, 66, 67] 
where the dot corresponds to the temporal derivative, the prime to the derivative with respect to the scalar field φ and h EM is the coupling function appearing in front of the electromagnetic Lagrangian.
In addition to variations of the fine structure constant, a coupling of the form (1.2) in the electromagnetic sector implies a non-conservation of the photon number along geodesics [68] . Such a non-conservation can have several observational consequences. First of all, the expression of the luminosity distance is modified with respect to its GR expression [65] . Hence, one expects the distance-duality relation [69] [70] [71] [72] [73] to be modified accordingly. Therefore, there is a non-ambiguous relation between fine structure constant variations and violation of the distance-duality relation.
On the other hand, a non-conservation of the photon number should also modify the evolution of the CMB radiation [74, 75] . In particular, the cosmological evolution of the CMB 1 The representation in which the coupling (1.1) appears is called the Jordan frame. Another representation widely used to study this kind of theory is the Einstein frame where the scalar and the tensor modes are kinematically decoupled. The Jordan and Einstein frame metrics are related by a conformal transformation [39] .
2 All the functions hi can eventually be equal. Note that such universality allows the occurence of an important cosmological convergence mechanism [45] . 3 We use the term "generalized" to make the difference between the original chameleon papers [56] where the couplings are made through conformal transformations and not through a multiplicative coupling like the one considered here and in [52] . 4 In the pressuron theory, the scalar field naturally decouples in regions where the pressure is negligible [64, 65] and therefore naturally satisfies all Solar System tests of gravity.
temperature is affected by the coupling (1.2). Therefore, there is also a link between variations of the fine structure constant and temperature-redshift relation violations. Moreover, the coupling (1.2) also implies that the CMB radiation does not obey the adiabaticity condition [75] , so that the CMB is not an equilibrium blackbody radiation. This situation is similar to what is obtained in tensor-scalar theory with disformal couplings [76, 77] . As a consequence, the coupling (1.2) produces a distortion of the CMB spectrum parametrized by a chemical potential µ. This non-vanishing chemical potential can also be related to variation of the fine structure constant or to violation of the distance-duality relation.
In the framework of the action (1.2), the four effects described previously (temporal variation of the fine structure constant, violation of the distance duality relation, modification of the evolution of the CMB temperature and CMB spectral distortions) are closely related and are all linked to the evolution of h EM (φ). In this paper, we will explore these links and show how they can be used to improve current constraints on some deviations from GR using constraints on other effects, and/or to explicitly test couplings of the form (1.2), i.e. a wide range of different theories of gravity (including GR).
The paper is organised as follows. In section 2, we derive the expression of the violation of the cosmic distance duality from the action (1.2) and we show that it can be expressed directly in terms of the coupling h EM (φ). We also briefly review the experimental constraints on the violation of the distance duality. In section 3, we show how the temporal variation of the fine-structure constant is also related to the evolution of h EM (φ) and we review the current experimental constraints on the variation of the fine structure constant. In section 4, we derive the evolution of the CMB temperature and the expression of the CMB chemical potential from first principles solving the Boltzmann equation for the distribution function. We also review the experimental constraints on the evolution of the CMB temperature and the limits on the chemical potential. In section 5, we use the relations between the different observables in order to transform constraints on one type of observations into constraints on other types of observations. This is valid only for theories with a coupling (1.2). We also use the different set of data simultaneously in order to test the coupling (1.2). Indeed, any inconsistency between the data from two types of observations can be interpreted as a violation of the coupling (1.2). We show that currently no inconsistency is detected and we also discuss the improvements expected from the SKA or from EUCLID.
2 Modification of the cosmic distance-duality relation
where L is the luminosity of the source and F is the observed flux of energy (see for example [78] ). On the other hand the angular distance D A is defined by D A = ∆θ where is the proper size of the source and ∆θ is the angular size of its observation [78] . In any space-time geometry and for any theory of gravity in which the reciprocity relation holds and the numbers of photons is conserved [69] [70] [71] [72] [73] , these two distances are related by the distance-duality relation 5
where z is the redshift of the source. The reciprocity relation is a purely geometric relation connecting area distances up and down the past light cone. This relation holds as long as photons propagate along null geodesics and the geodesic equation holds [72, 73] . Then, the assumption that the number of photons is conserved leads to the distance-duality relation (2.1). Violation of the distance-duality relation are parametrized by 6
We will show that a coupling between a scalar field and the electromagnetic Lagrangian of the type (1.2) modifies the distance-duality relation (2.1). Introducing the electromagnetic Lagrangian into the action (1.2) and varying it with respect to the 4-potential A µ leads to modified Maxwell equations 7 ∇
where F µν is the standard Faraday tensor. The use of the geometric optics approximation consisting in expanding the 4-potential
e iθ/ (see for example [81] ) leads to the usual null geodesic equation and to a modified conservation equation for the number of photons (the derivation of these expression can be found in [65, 68] )
where k µ = ∇ µ θ is the wave vector and b the norm of b µ . The fact that photons propagate on null geodesic means that the reciprocity relation holds [72, 73] but the violation of the conservation of the number of photons implies a violation of the distance-duality relation. The integration of Eqs. (2.4) in a flat Friedmann-Lemaître-Robertson-Walker (FLRW) space-time leads to the expression of the luminosity distance (see [65] for a detailed derivation)
where z is the cosmological redshift 1+z = a 0 a with a the cosmic scale factor and the subscript 0 stands for the present epoch (φ 0 = φ(z = 0)). On the other hand, the angular distance is a purely geometric feature that can be computed from the geodesic equation (see [78] for example). Therefore its expression is the same as in GR and is given by
The η parameter characterizing scalar-tensor theories with a coupling (1.2) is therefore given by
Hence, the constraints on η(z) can directly be interpreted as a constraint on the cosmological evolution of the scalar field. 6 All the papers in the literature used the definition of the parameter η given by (2.2) except in [73, 80] where the inverse is usedη = DA(1 + z) 2 /DL. 7 From now, we will note h(φ) the coupling function related to electromagnetism hEM(φ).
Experimental constraints
Different kinds of observations have been used in order to constrain η(z): Supernovae Ia data and observations of radio galaxies [82] , obervations of clusters of galaxies [80, [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] , Baryon Acoustic Oscillations and the Cosmic Microwave Background (CMB) [94, 95] , the CMB spectrum [73] or gamma-ray bursts [96] .
Different parametrizations of η(z) have been used in the literature in order to analyze cosmological observations. The most widespread ones are
In Table 1 , we present the latest observational constraints on the parameters parametrizing η(z). 3 Temporal variation of the fine structure constant
Theoretical derivation
Since α ∝ h −1 (φ) [45, 66] , the temporal variation of α can be related to the function η(z).
More precisely, one has
This shows that for the class of theory considered in this paper, a violation of the distance-duality relation is directly linked to a violation of the EEP. In particular, experimental constraints on the function η(z) can be transposed into a constraint on the temporal variation of α and inversely.
Taking the derivative at current epoch of (3.1) leads tȯ
where H 0 is the Hubble constant at present time. If one uses the parametrizations of η(z) from (2.8), the last expression becomes
Experimental constraints
Currently, the best laboratory constraint on the time variation of the fine-structure constant is given by [22] α
Now, variations of α over a longer time can also be considered. Bounds on ∆α/α can be derived from the CMB data at z ≈ 10 3 [99] and from Big Bang Nucleosynthesis at z ≈ 10 9
[100] but are not very stringent (see Table 2 ). Observational searches for varying α have also used absorption systems in the spectra of distant quasars [7, 15] . Evidence of a variation of α have been found using the Keck telescope [7] for z between 0.2 and 4.2. A null result has been obtained considering observations from the Very Large Telescope [15] but this conclusion might suffer from biases in the data analysis [101, 102] . A review of the constraints on ∆α/α can be found in [34, 103] . Some of the important results are summarized in table 2. More recently, further evidence of a deviation of α from its current value has been found [13, 16] using Keck and VLT observations. Nevertheless, two different values have been found for the two datasets: for the VLT, it is found that ∆α/α = (0.208 ± 0.124) × 10 −5 [13] while for the Keck observations, it is found that ∆α/α = (−0.6 ± 0.22) × 10 −5 [13] . The results seem to depend on which hemisphere is considered, suggesting a dipolar dependance of α in the sky [13, 16] . 4 CMB temperature and distortions
Theoretical derivation
In this section, we will derive the evolution of the temperature of the CMB using an approach based on the kinetic theory (see chapter 4 of [106] and chapter 4 of [107] ). First of all, let us notice that Eq. (2.4c) in a flat FLRW space-time can be written in term of the number of photons n ∝ k 0 b 2 [81] 
where t is the proper time along matter worldlines. This equation gives the evolution of the number of photons along a single light ray.
From a microscopic perspective, we define the distribution function f of a fluid of photons. The evolution of this distribution function satisfies a Boltzmann equation (see Section 4.1. of [107] )
with L the Liouville operator,p µ the coordinates of the 4-impulsion in the coordinate basis and C[f ] an effective collision term present because of the coupling between the scalar field and the electromagnetic Lagrangian. Since we have shown that at the eikonal approximation, photons still follow null geodesics (2.4a), we have
In the case of the FLRW geometry, the last equation is standard (see for example section 4.1. of [107] ) and becomes
where p µ are the coordinates of the 4-impulsion in a local tetrad. In particular, since p µ p µ = 0 for photons, in a local tetrad we have p 0 = p where p is the standard Euclidean norm of the 3-vector (p 1 , p 2 , p 3 ). The integration of (4.4) in the case of a directional radiation characterized by f ∝ δ (3) ( p − p 0 ) should lead to the equation of non-conservation of the number of photons in a electromagnetic radiation (4.1). This allows to identify the collision term which is given by
The Liouville equation becomes
In a homogeneous and spherically symmetric case, the distribution function depends only on t and p: f (t, p).
The number of massless particles and their mean energy density are defined from a microscopic perspective as [107] 
with N B the degeneracy factor for the particles which is 2 in the case of photons. Therefore, the integration of the Liouville equation (4.6) leads to equations of conservation of the number of photons and of the energy density of the photonṡ
where the terms Ψ and C x are introduced to compare our results with [74, 75] . As one can see, any theory with a coupling like the one considered in the action (1.2) does not satisfy the adiabaticity condition (given by Eq. (11) of [75] )
Therefore, making the assumption of adiabaticity as, for example, in [108] for couplings of the form (1.2) is not justified. The coupling (1.2) implies that the CMB radiation is not an equilibrium blackbody radiation. This is similar to what appears in tensor-scalar theory with disformal coupling [76, 77] . This is due to the fact that the distribution function f is not conserved (4.6). A way to parametrize the deviation from the black body spectrum is to introduce a chemical potential µ (see Section 8.2 of [107] ). The distribution function can be written as
where the temperature and the chemical potential depends on the cosmological evolution. If we introduce this expression in the definition of the number of particles n and the energy density ρ (4.7), we get, at first order in µ (we will see that experimental limits on µ impose
where ζ(x) is the Riemann zeta-function. Since the deviations from the GR case induced by the coupling h(φ) are expected to be small, we can use an expansion of the quantities
where x (0) refers to the value of x in GR (when h(φ) = 1) while µ is already a first-order term. Introducing this expansion and solving the Eqs. (4.11) at first order leads to (for a detailed derivation, see section 8.2 of [107] )
In particular, we can see that µ = 0 is obtained in the case where the adiabaticity condition (4.9) is satisfied. The exact solutions of Eqs. (4.8) are given by
14)
where the indices i refer to some intial conditions. At zeroth order, this gives the usual GR behaviour n (0) ∝ a −3 and ρ (0) ∝ a −4 . At first order, we have
The choice of initial conditions at t i = t CMB concording with the CMB is required if we want the chemical potential to vanish at that time. This is consistent with assuming that the CMB radiation is initially emitted as a black body. Using (3.1), we can express δh as
Inserting this result in Eqs. (4.13) gives
Therefore, the temperature is given by
where the subscript 0 stands for values at z = 0. Using (4.17) and keeping the leading term in ∆α/α and in η 2 − 1, one gets
This relation makes a very precise link between a deviation of the cosmic evolution of the CMB temperature, a temporal evolution of the fine structure constant and a violation of the cosmic distance duality. This relation is different from the one obtained in [62] . The reason comes from the fact that in [62] , the density is supposed to be related to the temperature as ρ ∝ T 4 . This means that they implicitely suppose that µ = 0 as can be seen from Eq. (4.11b) or equivalently that the CMB radiation still follows a black body spectrum which is not the case since the adiabaticity condition is violated (4.9). Similarly, we have a direct concordance between the CMB spectral distortions parametrized by µ, the variation of the fine structure constant and the corresponding violation of the distance duality relation
This expression differs from the one found in [77] . The reason comes from the fact that in [77] , the temperature is supposed to follow the standard evolution T ∝ (1 + z) in the calculation of µ.
Experimental constraints
First of all, a constraint on the CMB distortions has been obtained by COBE/FIRAS [109] |µ| < 9 × 10
at 95 % of confidence. Usually, the experimental constraints on the evolution of the temperature are expressed in function of the parameter β defined by
Observations of the Sunyaev-Zel'dovich effect and measurements of molecular species absorptions have led to esimations of β given in table 3. Table 3 . Observational estimations of β which parametrizes the evolution of the CMB temperature (4.22) Ref. Estimation of β [110] 0.006 ± 0.013 [111] 0.005 ± 0.012
In the previous section, we have shown that four important cosmological observables are directly related to each other in the framework of the coupling (1.2). Basically, temporal variations of the fine-structure constant, violation of the cosmic distance duality relation and the evolution of the CMB temperature are all related to the evolution of the function h(φ) through:
Furthermore, the actual chemical potential µ of the CMB spectrum is also related to the previous quantities at z = z CMB by the relation (4.20). There are two different ways of using these relations. First, if we assume that the coupling between the scalar field and the EM Lagrangian can be written as (1.2), we can use the relations between the different observables to constrain some of them by using measurements of other types of observations. As we will see below, the constraints on the variations of the fine structure constant are the most competitive. Therefore, we can transform them to obtain improved constraints on violations of the distance duality and on the evolution of the temperature. We stress out that this procedure only applies if the coupling (1.2) is correct. In particular, this is thus valid for GR (where h(φ) = 1), but also for all theories conformally coupled to a metric.
On the other hand, the observations from different datasets can be combined together in order to search for an hypothetical violation of the coupling (1.2). Indeed, a violation of the relations (5.1) observed with two different datasets would imply that the coupling (1.2) is not the one that describes Nature. One such evidence would be particularly important since it would rule out all the theories of gravity where this coupling appeared, including GR and many others.
Transformations of the experimental constraints assuming a multiplicative coupling holds
In this section, we will assume that the coupling (1.2) holds and we will use the different relations between the observables in order to improve the constraints on some of them.
Tranformation between η and ∆α/α
First of all, the relation between η and ∆α/α (3.1) allows one to transform constraints on η into constraints on variations of the fine structure constant and inversely. We transform the experimental constraints on η into a constraint on the current variation of the fine structure constantα/α| 0 . For this, we use the relation (3.3) and the estimation of the Hubble constant provided by the Planck data H 0 = 78.8 ± 0.77 km/s/MPc [99] . The resulting estimations oḟ α/α are given in table 1. One can see that the obtained constraints are 6 order of magnitude larger than the current constraint onα/α obtained by a laboratory experiment (3.4).
On the other hand, we can use the laboratory constraint (3.4) in order to estimate the parameters entering the standard parametrization of η(z). This leads to
This means that the current null result on a temporal variation of the fine structure constant locally constrains the present derivative of η(z) by 6 orders of magnitude better than using cosmological observations. Note that the constraint (5.2) also applies for parametrizations where η 0 is not forced to be 1 (ie. for η(z)
The constraint (5.2) is very impressive but it relies only on one observation at z = 0. Therefore, it is also interesting to apply the same procedure using constraints on variations of the fine structure constant at different redshifts. We used observations of absorption lines of quasars to estimate the parameters characterizing η(z) (2.8). We used values of ∆α/α from 154 absorbers observed with the VLT (this dataset can be found in [13] ) and values from 128 absorbers observed at the Keck observatory (this dataset can be found in [12] ). We have performed a Bayesian estimation of the parameters η i and ε that are parameterizing the η(z) function (2.8) using the relation (3.1). The posterior probability densities are presented on figure 1. Table 4 lists the corresponding estimations using the different datasets. Evidence of deviations of the parameters from their GR values are found with the two datasets separately. Nevertheless, the two datasets are incompatible. This is due to the fact that the variation of the fine structure constant is different in the Northern and in the Southern hemispheres [13, 16] (see also the discussion in section 3.2). Therefore, if the electromagnetic Lagrangian is coupled to a scalar field by a coupling of the type (1.2), ∆α/α observations predict a violation of the distance-duality relation at the 10 −6 level, which should however be different in both hemisphere (independantly of the coupling function). 14 ± 6 −30 ± 11 ε 14 ± 6 −30 ± 11
Transformation between ∆α/α and the CMB temperature
As shown in the previous section, the constraints on the variations of the fine structure constant are far more stringent than the ones on the violations of the distance duality relation. We can thus use the constraints on the current temporal variation of the fine structure constant to constraint β which parametrizes the evolution of the CMB temperature (4.22) . For this, we need to derive the relation (4.19a)
which becomes, after introducing the parametrization (4.22)
Using this equation, the value and uncertainty on H 0 from the Planck data [99] and the laboratory constraint onα/α (3.4), we get
This constraint improves the one coming from current direct observations of the CMB temperature (see table 3 ) by 7 orders of magnitude. The last constraint is very impressive but, once again, it relies only on one observation at z = 0. One can also look at constraints on variations of the fine structure constant at different redshift z. We use the same VLT and Keck data as in the previous section in order to do a Bayesian estimation of β from ∆α/α data by using the relation
The posterior proability density is presented on figure 1 (bottom right) and the corresponding estimations are given in table 5. Once again, the obtained estimations present a deviation from the GR values at the level of 10 −6 but the two dataset are not compatible. This is due to the fact that the variation of the fine structure constant is different in both hemispheres [13, 16] . Therefore, if the coupling (1.2) holds, the observations of temporal variations of the fine structure constant suggests a deviation of the evolution of the CMB temperature 5 orders of magnitude smaller than current direct observation of the CMB temperature capabilities. Table 5 . Values of the parameters entering the expression of T (z) (4.22) estimated using ∆α/α data from VLT [13] and from the Keck Observatory [12] assuming the relation (5.6) holds.
Parameter Estimation [×10 −7 ] VLT Keck β −3.3 ± 1.5 7.2 ± 2.5
CMB distortions
Finally, the relation (4.20) allows to transform the constraint on µ into a constraint on ∆α(z CMB )/α. Using the constraint (4.21) and the relation (4.20), we derive a constraint on the temporal variation of the fine structure constant
Let us remind that the constraint on ∆α(z CMB )/α coming from an analysis of the CMB anisotropies with Planck data is at the level of 10 −3 only (see table 2 ).
Test of the multiplicative coupling
In the previous section, we have shown how to use the relations between the variations of the fine structure constant, violation of the distance-duality relation, evolution of the CMB temperature and the CMB distortions in order to translate the measurements from one type of observations into the other types. As clearly stated, this can be done only if the coupling (1.2) holds. We can also use the different sets of data to assess the validity of the coupling (1.2). Indeed, if the measurements coming from two different types of observations (e.g. between ∆α/α and T CMB or between ∆α/α and η) indicate a violation of their corresponding relation, this would be an indication of a violation of the coupling (1.2). This kind of test is able to rule out couplings of the form (1.2) and is therefore quite important since this kind of coupling generically appear in numerous alternative theories of gravity such as in perturbative string theory [45] [46] [47] , Kaluza-Klein theories [57, 58] , axion theory [49] [50] [51] , BSBM theory [59] [60] [61] [62] , . . .
In this work, in order to assess if the different observations are consistent with a coupling of the type (1.2), we use the relations (5.1). Basically, we transform constraints on ∆α/α, on η(z) and on the CMB temperature into a constraint on h(φ)/h(φ 0 ). We therefore suppose implicitely that the coupling (1.2) holds. Then, we compare the different constraints on h(φ)/h(φ 0 ) coming from different types of observations to see if they are consistent. Any inconsistency would be a signature of a deviation from the type of coupling (1.
2) independantly of the coupling function h(φ).
We analyze the different data using Gaussian Processes (GP) with the software GaPP (Gaussian Processes in Python) [112] . GP provide a model-independent smoothing technique 8 . They are described in details in [112] (see also [113] [114] [115] [116] for other uses of GaPP in a cosmological context). Instead of assuming a particular form of the reconstructed function, GP consider typical changes of the function. They are parametrized by a covariance function which depends on two hyperparameters: which corresponds to a typical distance one needs to move in the input space to observe a significant change in the function and σ 2 f which is a typical change of the function. In this paper, the covariance function used is the standard squared exponential function (other covariance functions have been tried and they do not significantly alter the results).
First of all, we transform ∆α/α observations on estimations of the evolution of h(φ)/h(φ 0 ) using the relation (3.1). We have used two sets of data: values from 154 absorbers observed with the VLT (this dataset can be found in [13] ) and values from 128 absorbers observed at the Keck observatory (this dataset can be found in [12] ). For both of these datasets, we have applied a GP, marginalized over the hyperparameters using a Markov chain Monte Carlo (MCMC) technique [117] which has produced a sample of the data at each reconstructed redshift z. These samples are then transformed into samples of h(φ)/h(φ 0 ) using (3.1) and confidence intervals have been estimated. The left part of figure 2 represents the confidence intervals obtained by using the two sets of data analyzed by using a GP.
The second type of observations we use are related to violations of the distance-duality relation η(z). Indeed, the evolution of h(φ)/h(φ 0 ) can also be estimated from η(z) using (2.7). Two types of observations are needed in order to estimate η (2.2) : observations of luminosity distance D L and of angular distance D A . In this paper, we use the Supernovae Ia luminosity data from the Union 2.1 compilation [118] . The luminosity distance is directly related to the distance modulus µ provided in [118] by D L = 10 µ/5−5 where D L is expressed in Mpc. Regarding the angular distance, we use data from X-rays and Sunyaev-Zel'dovich observations of galaxy clusters. Two set of datas have been used [119, 120] which provide D obs A for different values of the redshift. As mentionned in [80] (see also [83, 84] ), if a violation of the distance-duality relation is considered, then the Sunyaev-Zel'dovich and X-rays observations measured D obs
The analysis procedure is similar to the one followed for the ∆α/α data. We have analyzed the D L and D A data with a GP, we have marginalized over the hyperparameters with a MCMC technique which has produced a sample of the data. This sample is then transformed into η(z) and then to h(φ)/h(φ 0 ) by using (2.7). From these, we can determine the confidence intervals that are represented on the right of figure 2. These estimations are 5 order of magnitudes larger than the ones obtained by using ∆α/α observations (that are represented in dashed). The estimation done using the set of data from [120] shows a small deviation from the esimations done using temporal variation of the fine structure constant between z = 0.4 − 0.8. If confirmed, this can be an indication of a violation of the coupling (1.2) but at this stage, we believe it is the result of a lack of statistics. On the other hand, the estimation done using the set of data from [119] is in total agreement with the one from the variations of the fine structure constant.
Concerning the CMB temperature, we use data coming from Sunyaev-Zel'dovich observations at low redshifts [111, 121] and from observations of spectral lines at high redshift [122] [123] [124] [125] [126] [127] [128] [129] [130] . In total, this represents 38 observations of the CMB temperature at redshift between 0 and 3. We also use the estimation of the current CMB temperature T 0 = 2.725 K [131] . The analysis procedure is similar to the ones used for the other observations. We have analyzed the temperature data using a GP, we have marginalized over the hyperparameters by using a MCMC technique which has provided a sample of the data. Then, we have transformed this sample into a sample of h(φ)/h(φ 0 ) using the relation (5.1) and we have Figure 2 . Estimation of h(φ)/h(φ 0 ) derived from constraints on ∆α/α (left) and on η(z) (right) using Gaussian Processes. On top left: estimation done using Keck observations [12] . On bottom left: estimation done using VLT observations [13] . On right: estimations done from observations of luminosity distance [118] and angular distance. On top right: the angular distances used are from [119] . On bottom right: the angular distances used are from [120] .
determined the confidence intervals. The figure 3 represents the estimation on the evolution of h(φ)/h(φ 0 ) obtained from the CMB temperature observations. At low redshift, this estimation is roughly two times better than the one obtained by using the observations of the distances (see right of figure 2 ). In addition, the temperature measurements allow to constrain the evolution of the scalar field at higher redshift. On the other hand, the constraints coming from the analysis of the observations of the temporal variation of the fine structure constant are 5 orders of magnitude better (see left of figure 2). As a conclusion, all the data used seem to be consistent at the level of 10 %. The observations of the variation of the fine structure constant are currently 5 orders of magnitude better than observations of the violation of the cosmic distance duality and of the evolution of the CMB temperature. An improvement of the measurements of η(z) and of the CMB temperature would be particularly useful in order to improve the test of the coupling (1.2).
Expected improvements with future experiments
In this section, we will assess the improvements expected from future experiments focusing on the Square Kilometer Array (SKA) [132] and on EUCLID [79] .
SKA will measure the angular distance D A (z) with Baryon Accoustic Oscillations (BAO) observations between z = 0.3 − 2 [133] . The expected accuracy of SKA is given in figure 6 of [133] and is roughly 2 % (σ D A /D A ∼ 0.02). Therefore, we simulated D A data from a standard scenario in GR and we reconstructed the estimation of h(φ) obtained assuming a 2% relative accuracy on D A . The figure 4 represents the obtained estimation. First of all, it is important to notice that the range of redshifts is larger than the one currently available (see on the right of figure 2). On figure 4, we are now limited by the D L measurements that span z = 0 − 1.4 only. Moreover, there is roughly one order of magnitude of improvement between current observations (right of figure 2 ) and what is expected with SKA. Nevertheless, this accuracy is still 4 orders of magnitude larger than the one obtained by using ∆α/α data (see left of figure 2). EUCLID also expects to improve the constraint on the violation of the cosmic distanceduality relation thanks to measurements of the BAO [79] . In particular, EUCLID expect to constrain the parameter ε from the parametrization (2.8e) at a level better than 10 −2 improving the current constraints by a factor 5 (see table 1 ). Therefore, with these observations, we expect to improve the test of the coupling (1.2) by one order of magnitude. Nevertheless, the observations of η(z) will still remain 4 orders of magnitude less accurate than the one coming from the variations of the fine structure constant.
Conclusion
In this paper, we focussed on cosmological signatures of modifications of gravity generated by a multiplicative coupling of a scalar field to the electromagnetic Lagrangian (1.2). As mentionned in the introduction, this kind of coupling arises in various hypothetical alternative theories of gravity such as the low energy action of string theories [45] [46] [47] [48] , in the context of axions [49] [50] [51] , of generalized chameleons [52] [53] [54] [55] in Kaluza-Klein theories with additional compactified dimensions [57, 58] , in the Bekentein-Sandvik-Barrow-Magueijo theory of varying α [59] [60] [61] [62] , in extended f (R, L m ) gravity [63] or in the conext of the pressurion [64] .
We have shown that this kind of coupling produces a temporal variation of the fine structure constant, a violation of the cosmic distance duality relation, a modification of the evolution of the CMB temperature and CMB distortions. All these effects are intimately related to each other and to the cosmic evolution of the coupling h(φ) and we have derived relations between all these different observations. Therefore, assuming that the coupling (1.2) holds, which is the case for GR, for standard tensor-scalar theories with conformal coupling and for a large class of alternative theories of gravity, one can use the obtained relations to transform the constraints on one type of observations into constraints on another type of observations. We have used observations of variations of the fine structure constant to estimate the parameters of a violation of the distance-duality relation and the evolution of the CMB temperature. The obtained constraints are 5 orders of magnitude better than what is found in the literature but only hold for theories with a multiplicative coupling (1.2) between the scalar field and the electromagnetic Lagrangian. These correspondences also allow us to transform the constraint on the chemical potential of the CMB into a constraint on the variation of the fine structure constant between the CMB and the present epoch.
On the other hand, comparing the different sets of observations allow to test the coupling (1.2). Indeed, a violation of the relation between ∆α/α and η(z) or between ∆α/α and T CMB (z) would invalidate the multiplicative coupling independantly of the form of the coupling function h(φ). In order to produce such a test, we transformed all the available observations into an estimation of the evolution of h(φ). This analysis was done by using Gaussian Processes. Then, we have compared the estimations provided by the different types of observations to detect any inconsistence that could result from a violation of the coupling (1.2). We have shown that no inconsistency is currently detected. Moreover, observations from variations of the fine structure constant are currently 5 orders of magnitude better than observations from η(z) and from the CMB temperature. The observations of the variations of the fine structure constant also predict a deviation of the distance duality relation at the level of 10 −6 in the case where the coupling (1.2) is valid. For these reasons, it is particularly interesting to improve our constraints on η(z) and on the evolution of the CMB temperature. One step to achieve this goal will be provided by planned future observations that will be done with the SKA or with EUCLID. In particular, the observations of the BAO will improve our measurements of the angular distance that will be reflected in an improvement on the constraint on η(z) by one order of magnitude.
